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Introduction

T HE generalized Theodorsen function relates unsteady,
circulatory lift to unsteady circulation for small pertur-

bation motion of a flat plate in two-dimensional, incom-
pressible, inviscid flow.1 Because the generalized Theodorsen
function is based on first principles, it is an appropriate bench
mark for modeling unsteady aerodynamic forces on thin
airfoils. The generalized Theodorsen function is a Laplace
transform composed of tanscendental functions and it has no
closed-form inverse transform. These characteristics make the
generalized Theodorsen function somewhat cumbersome to
manipulate in analyses. This motivates the development of
algebraic approximations, having inverse transforms, that are
suitable for use in aeroelastic stability analyses, gust response
predictions, and control system design.

It is possible to construct an algebraic, global s-plane ap-
proximation of the generalized Theodorsen function using
fractional powers of s. The approximation is mathematically
compact and has a known, but unfamiliar, inverse transform
that is also compact. The approximation also leads to equa-
tions of motion equally well-posed in either the Laplace do-
main or the time domain.2
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Background
The generalized Theodorsen function C(s) is a combination

of Hankel functions of the first kind, HQ and H^:

C(s) = H0(s)
-

5 ~ U (1)

Here, s is a dimensionless form of the Laplace parameter,
where b is the flat plate airfoil's semichord, and U is the
freestream velocity. The Theodorsen function relates the plate's
circulatory lift to the circulation of the flow about the plate

L(s) = PUT(s)C(s) (2)

where L(s) and T(s) are the Laplace transforms of the time-
dependent circulatory lift and the time-dependent circulation,
respectively.

Unfortunately, the Theodorsen function has no known,
closed-form representation of its inverse transform. This dif-
ficulty, coupled with the transcendental nature of the Hankel
functions, has motivated the formulation of algebraic models
of Theodorsen's function.

Commonly encountered algebraic models take the form

(3)D(s)
I bj"

where N(s) and D(s) are polynomial functions of the Laplace
parameter s. These models have inverse transforms that are
a unit impulse function plus a combination of elementary
analytic functions, typically exponentials.

A drawback of these models is their poles that arise from
the roots of D(s). Theodorsen's function has no poles in the
s plane. Consequently, the poles in the models are sources of
substantial, but localized, inaccuracies that detract from the
model's fidelity. When one of these models is used to describe
aerodynamic forces in equations of motion for an airfoil, at-
tention must be devoted to keeping the poles introduced by
the model well away from poles associated with airfoil motion.
As a result, different models might be needed for flutter anal-
ysis, divergence analysis, and control system design, respec-
tively.

Fractional Calculus Model
The primary motive for introducing concepts from the frac-

tional order calculus is to construct a single, high-fidelity,
global s-plane model of Theodorsen's function suitable for all
the above analyses. This new model employs the notion of
differentiating to fractional order. The extended Riemann-
Liouville definition3 for the fractional ft order derivative of
the function x(t) is

Where F denotes the gamma function instead of circulation.
The Laplace transform of Eq. (4) reveals the operative prop-
erty of fractional order differentiation:

The fractional calculus model of Theodorsen's function,
C(s), shown here, contains fractional powers of s:

sb
2(2.19)i5'6' (6)

This model is based on a visual "fitting" of the model to the
function along the imaginary s axis. This model is compared
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to the actual Theodorsen's function in Figs. 1 and 2. Note
that Fig. 2 shows the negative imaginary part of the function
and its model. Although not immediately apparent in Figs. 1
and 2, the real and imaginary asymptotes of Theodorsen's
function and the fractional calculus model match for large
magnitude of s; in that, the real asymptote is one-half and
the imaginary asymptote is zero.

The model, like Theodorsen's function, has no poles in the
s plane. The poles of the fractional calculus model are

r -i r
1.2(2.19) J

1
/677

±-5-

(4.38)^
(7)

These poles lie at angles of ±677/5 rad measured from the
positive, real s axis. When the branch cuts for the function
55/6 are chosen along the negative real axis, s = re/7r and s =
re~/7T, the model's poles given above are not on the principal
sheet of the s plane. The branch cuts restrict the domain of
a function to ensure that the function remains single-valued.
Thus, the poles of the model lie beyond the branch cuts on
nonprincipal branches of the function s5'6. Notice that in Fig.
2 the model's imaginary curve, for 0 = 180 deg or 77 radians,
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Fig. 1 Real part of Theodorsen's function and its fractional calculus
model.
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Fig. 2 Imaginary part of Theodorsen's function and its fractional
calculus model.
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Fig. 3 Comparison of the exact Wagner function and its Mittag-
Leffler approximation.

has peaks that indicate the presence of a singularity near, but
just beyond the branch cut.

The fidelity of the fractional calculus model to the Theo-
dorsen function shown in Figs. 1 and 2 establishes its accuracy
at lower reduced frequencies and correspondingly longer times.
To check the model for higher reduced frequencies and cor-
respondingly shorter times, the Wagner's function <£(T) that
arises from the fractional calculus model is determined and
compared with the actual Wagner's function4 in Fig. 3.

2(2.19)
2 «=o 5/1/6)

ft/
b (8)

The sum here results from a geometric series expansion of
the Theodorsen function's model C(s), and yields the series
representation of a Mittag-Leffler function.5 The excellent
agreement between the Mittag-Leffler approximation and the
exact Wagner's function shown in Fig. 3 establishes the ac-
curacy of the fractional calculus model of Theodorsen's func-
tion at high reduced frequencies. Furthermore, linear differ-
ential equations containing fractional derivatives give rise to
solutions posed in terms of time-dependent Mittag-Leffler
functions.2

In summary, the fractional calculus model is seen to be an
excellent algebraic approximation of the transcendental Theo-
dorsen's function. The model exhibits high fidelity throughout
the s plane, and consequently, yields excellent accuracy in the
time domain.

Example Problem
The fractional calculus model of Theodorsen's function is

used to perform a stability analysis of the spring suspended,
flat plate airfoil subjected to uniform, incompressible, inviscid
airflow, considered in Ref. 6. The plate model used in the
"exact" analysis contains a trailing-edge flap having a very
high resonance that does not significantly affect the pitch or
plunge stability of the plate.

Rather than calculating only the critical flow speeds, the
stability of the plate is examined for all flow speeds up to the
critical speed associated with the first instability. This is ac-
complished by tracking the plate's poles in the complex s plane
and noting the flow speed at which any pole migrates across
the imaginary axis from left to right. As the flow speed in-
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Fig. 4 s-Plane root loci for the suspended flat plate airfoil.
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creases, a pole location can be tracked on a root-locus in the
complex s plane as shown in Fig. 4. When the first critical
flow speed is reached, the root locus shows the pole on the
s-plane imaginary axis.

The plate's parameters have the following values.6 The
aerodynamic center and the location of the elastic axis is
a = -OA-b. The mass center location is xa = 0.2-b. The
plate's radius of gyration is ra = 0.5 -b. The mass ratio is
IJL = 40 and the semichord b = I . The pure pitch and plunge
resonances are a>a = 100 rad/s and a)h = 50 rad/s, respectively.

Conclusion
The fractional calculus model overcomes much of the im-

practical nature of Theodorsen's function. The model is an
accurate algebraic description of the transcendental Theo-
dorsen's function and it leads to an excellent, closed form
approximation of Wagner's function. Furthermore, the frac-
tional calculus model has no poles on the principle sheet of
the s plane that obviates the difficulties associated with the
aerodynamic poles associated with traditional algebraic models
of Theodorsen's function. These strengths enable the model
to conveniently describe the effects of unsteady aerodynamic
loads for general small perturbation airfoil motion in both the
Laplace domain and the time domain.
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Introduction

M UCH of the experimental work associated with un-
steady flows has centered around the harmonic oscil-

lations of a single lifting surface, usually rotated about the
quarter chord, and the resulting changes in the flowfield sur-
rounding the model.1'2 Only a few investigations3'4 have con-
sidered the translation and rotation of finite wings such as
those encountered on real, full-size, fighter-type, superma-

neuverable aircraft in deep stall. Probably the best summary
of the state of the art using a theoretical approach is found
in Refs. 5-7. In Ref. 5, a structured approach to the problems
associated with a theoretical analysis of oscillating airfoils is
provided in which the various terms in the force and moment
equations are discussed along with a two-dimensional solution
for simple harmonic motion. For the examples chosen in the
analysis, prediction of phase angles, due to circulation lag, of
about 15 deg for specific configurations seems to be typical.
It was shown in Ref. 8 that the maximum lift coefficient ex-
perienced during sinusoidal oscillation changes drastically with
alterations of the lifting surface rotation point. For the two-
wing case, with the rotation point somewhere between the
two wings, one would expect significant deviations from the
quarter chord rotation point data. In a two-dimensional ex-
periment by Walker,9 a forward airfoil was pitched about its
quarter chord axis at a constant rate. Flow visualization results
indicated that the leading-edge vortex, separated from the
forward airfoil section, could be made to pass either over or
under an aft airfoil. In this tandem wing arrangement, such
as those described in Ref. 9, the downwash loading from
forward lifting surfaces can make significant contributions to
the loading on a downstream wing or tail. Because downwash
loads and moments are difficult to predict theoretically, es-
pecially for unsteady motions, a series of wind-tunnel tests
were completed in a low-speed wind tunnel on a generic con-
figuration as pictured in Fig. 1, in which attempts were made
to measure downwash directly.10

The experimental wind-tunnel tests were conducted in a
low-speed, open return wind tunnel. The test section was 3
x 3 ft (91.44 x 91.44 cm), and the nominal freestream ve-
locity was 89 ft/s, producing a Reynolds number of about 2.05
x 105 based on the wing chord length of 6.0 in. All airfoil
sections were NACA 0015, and the wings were mounted to
individual load and moment balances at the quarter chord of
each wing. The two wing assemblies, as shown schematically
in Fig. 1, were mounted to an oscillating splitter plate con-
nected to a shaft and bearing assembly in the floor of the
wind-tunnel test section. The wings were mounted in the ver-
tical direction for ease of construction and ready access to the
drive assembly underneath the tunnel floor. The round splitter
plate was beveled to a 30-deg angle to reduce boundary layer
and hardware interference in the test data. Each wing was
mounted to a shaft along the quarter chord which was rigidly
attached to individual load and moment balances. This shaft,
running through the quarter chord, also served as a means of
setting each wing incidence angle. The bottom of each shaft
was fixed to a rigid plate bolted directly to the face of each
balance, and the plate was designed so that its upper surface
was flush with the splitter plate surface. A small gap between
the root or bottom end of the wing raised the wing to near
the edge of the boundary layer on the oscillating plate.
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